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Flow Properties of Submerged Heated Effluents in a
Waterway

JAMES F. CAMPBELL*
NASA Langley Research Center, Hampton, Va.

AND

JOSEPH A. SCHETZ!
Virginia Polytechnic Institute and State University, Blacksburg, Va.

An experimental and theoretical investigation has been undertaken to study the trajectory and growth of thermal
effluents having a range of discharge velocities and temperatures. The discharge of an effluent into a waterway
was mathematically modeled as a submerged jet injection process by using an integral method which accounts for
natural fluid mechanisms such as turbulence, entrapment, buoyancy, and heat transfer. The analytical results are
supported by experimental data and demonstrate the usefulness of the theory for estimating the location and size
of the effluent with respect to the discharge point. The capability of predicting jet flow properties, as well as the
jet path, was enhanced by obtaining the jet cross-sectional area during the solution of the conservation equations
(a number of previous studies assume a specific growth for the area). Realistic estimates of temperature in the
effluent were acquired by accounting for heat losses in the jet flow due to forced convection and to entrainment of
freestream fluid into the jet.
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Nomenclature
= cross-sectional area of jet control volume
= width of turbulent mixing zone
= effective jet circumference
= drag coefficient (D/q^^S)
•- pressure coefficient [(p — pa, )/<?«,„]
= drag force on jet flow due to blockage of freestream flow
= effective jet diameter
= infinitesimal length of jet control volume
= entrained mass flow per unit of jet length
= entrainment coefficient
• constant in expression for Nud, see Eq. (17)
= gravity
= width of jet flow
= average film heat-transfer coefficient
= thermal conductivity of jet fluid
= mass of jet fluid in control volume
= freestream mass entrained into jet control volume
= Nusselt number based on d(hd/k)
•- Prandtl number
= local static pressure around perimeter of jet cross section
= freestream static pressure
= average static pressure in jet flow
= rate of heat flow from jet fluid
: dynamic pressure of jet flow (pv2/2)
•• dynamic pressure of freestream flow (p^v^/2)
• radius of curvature of jet trajectory (da/ds)1/2

•- Reynolds number based on d
• frontal area of jet control volume (hds)
•- natural coordinates along and perpendicular to jet trajectory
= average temperature of jet fluid
= freestream temperature
= effective velocity ratio, [(pv2}i/(pv2}aj\112

•- average velocity of jet fluid -
= freestream velocity
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= Cartesian coordinates
= inclination of jet axis
= constant in expression for s, see Eq. (9)
= constant in expression for Nud, see Eq. (17)
= virtual kinematic (eddy) viscosity
= angular orientation of p
= velocity parameter in expression for p, see Eq. (14)
= kinematic viscosity
= average density of jet fluid
= freestream density
= shear stress in 5 direction acting on jet flow

Subscripts
i = jet flow conditions at injection point
max — maximum
min = minimum
n — condition in n direction
1,2 = jet flow conditions in control volume before and after entrain-

ment

Introduction

ONE area in which aerospace technology can be applied to
alleviate environmental problems is in understanding and

monitoring the dispersion of a polluted effluent discharged into
a water system. This includes the thermal pollution problem
where a degrading effect on the local water environment may
occur because of continual discharge of large volumes of heated
water.

Some of the previous studies directed toward the physical
understanding of the thermal pollution problem have been more
concerned with the far-field effects of a thermal discharge, such
as the overall heat balance of bodies of water having heat addi-
tion,1 or the diffusion of water temperature assuming a one- or
two-dimensional mixing model.2 However, since it is desirable
to observe the time history of a heated effluent from the point
of discharge to the point of final thermal mixing with the ambient
fluid, it is therefore necessary to consider the near-field effects.
This is certainly the more pragmatic approach to the physical
understanding of the problem, particularly if the definition of
a thermal "mixing zone" is desired in order to minimize impact
on the local water environment.
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Fig. 1 Photographs of side view of vertical injection for several
injection velocities; T.= T^.

The near-field region of a submerged effluent discharged into
a moving water environment is often modeled as a turbulent jet
injection process and has been examined by a number of experi-
mental3"7 and theoretical8"11 research studies. The purpose of
the present investigation is to extend the results of these previous
experimental studies, and to develop a theory that provides
improved predictions of jet trajectory along with estimates of
jet flow properties.

Experiment
The experimental portion of the present investigation was

conducted in a water channel using city water which was clear,
bubble free, and at room temperature. The injection process in
the channel was documented with photographs taken simul-
taneously with cameras located above and to the side of the
channel. The apparatus used during the tests is briefly described
in the following sections, whereas complete details are presented
in Ref. 12.

Main-Flow Channel
The main-flow channel was a modified Hydraulic Demonstra-

tion Channel, Serial 116221, by Hydraulic Design and Products
Co., which had a 6-in.-wide passage, 8 ft long and which
utilized a sluice gate and weir for flow control (see sketch in
Ref. 12). This basic equipment was altered in three ways. First,
a flow straightening system was installed at the upstream end.
Second, 2.50-in.-diam holes were drilled through the bottom and
one side of the channel 27 in. downstream of the flow straightener
to permit insertion of the injection chambers. Third, the bottom
and one side of the channel were covered with ^--in.-thick white
plastic sheets that were ruled with 1-in. squares in black paint.

Injection System
The injectant fluid which was water dyed with equal parts of

green and red food coloring, 2 oz/gal, was driven from an
insulated aluminum heating vessel by means of air pressure
(10-15 psig). The heating was accomplished electrically and the
flow rate was controlled by a needle valve.

The injection chambers, machined out of solid lucite, were
inserted through the channel wall from the outside. Each
chamber had a i^-in. flat bottomed hole drilled to within % in.
of the surface facing the flow. A i^-in. hole was then bored
through to form the injection port. Copper-constantan thermo-
couples were provided to measure the temperature of the
injectant and freestream fluids.

Test Conditions
The weir was set so that the water depth of the main flow at

the injection point was 4.8 in. The physical dimensions of and
flow properties in the channel were such that fully developed
flow could not occur. The flow conditions suggested that the
Reynolds number based on the length along the channel
measured from the flow straightener was 6.8 x 104 at the injection
station. This implies a laminar flow and an estimated boundary-
layer thickness of approximately 0.5 in.

The tests were conducted for the injection of the jet into the
main flow in two ways. The first was a vertical injection from
the channel floor, and the second was an oblique injection, 40°
above the horizontal, from the channel wall. The results of these
tests complement those published by the authors13 where the jet
was oriented to inject laterally from the channel wall. The present
injection processes were observed with the jet temperature the
same as the freestream temperature (7^ = T^) and with it 45°F
warmer (7J = 7^+45°^). The values of Red. corresponding to
these injection temperatures were 1319 and 20lO, respectively,
with VR = 9 and were 4333 and 6669, respectively, with VR = 29.

Results
An example of the type of photographic results obtained during

this investigation for both vertical and oblique injection into the
main flow can be seen in Figs. 1 and 2 where the injectant and
freestream fluid temperatures are the same. The freestream is
flowing from right to left.

Vertical injection
The effect of increasing jet injection velocity is illustrated in

Fig. 1 for the vertical injection case, where an increase in the jet
injection velocity results in further penetration of the jet flow
into the mainstream.

The photographs indicate that for the highest injection velocity
the area occupied by the jet fluid begins to grow immediately after
injection, and that this growth continues as the jet structure bends
over under the influence of the freestream flow. At some point
downstream of the injection station, the jet flow becomes parallel
to the freestream flow and subsequently becomes completely
disorganized and random. The turbulent nature of the jet injec-
tion process can be seen in the very irregular boundary of the
jet which is an indication of large-scale eddies in the flow. The
basic characteristics of the injection process are the same for the
lowest injection velocity (VR = 9) except that the jet fluid
penetrates a discrete distance into the freestream flow before
beginning to spread and bend over. This indicates that the jet
flow is laminar at the injection point and undergoes transition
to turbulent flow at some point along the trajectory. This laminar
flow situation results because the Reynolds number of the jet flow
at the injection point, as dictated by test conditions, is less than
the critical value of Reynolds number (^2300). The highest
injection velocity in Fig. 1 results in a jet-exit Reynolds number
that is larger than the critical value thus allowing the jet flow to
begin spreading immediately after injection.

The addition of heat to the injectant resulted in no discernible
effects on jet trajectory for the injection velocities tested, but did
cause the jet flow to spread at a slightly greater rate immediately
after injection. At first glance, the failure of the warmer jet fluid

SIDE VIEW TOP VIEW
Fig. 2 Photographs of oblique injection for several injection velocities;

T.= T^.
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Fig. 3 Schematic representation of jet control volume and center-line
trajectory.

to show some tendency to rise might be disconcerting. The fact,
however, that water density is relatively insensitive to tem-
perature changes and that the jet flow cools rapidly along the
trajectory, a result to be shown in the next section of the paper,
precludes the existence of large buoyancy forces.

Oblique injection
The effect of increasing injection velocity of the unheated jet

injecting obliquely into the main flow (see Fig. 2) is similar to
that discussed for the vertical injection process. The tests showed
that increasing the injectant temperature caused a larger rate of
spreading of the jet flow for VR = 9 and resulted in a higher
trajectory for VR = 29.

That the oblique injection condition demonstrates an effect of
injectant temperature on trajectory, while the vertical injection
condition demonstrates no effect, draws attention to a subtle
difference between oblique injection and vertical injection which
has to do with the orientation of the vortices in the respective
jet flows. Keffer and Baines5 describe how a pair of counter-
rotating vortices is formed in the rear portion of a jet injecting
into a crossflow. For the vertical and lateral13 injection processes,
the jet is injected perpendicularly through the boundary layer on
the adjacent wall. The vortices formed during the injection
process are located symmetrically on either side of the jet center
line, such that a line drawn between the vortex centers would be
perpendicular to the plane of the trajectory. This description does
not remain completely accurate for oblique injection through the
boundary layer. From observations of the oblique injection
experiments, it appeared as if the vortex pair was "twisted"
immediately after injection so that the pair was oriented in a
manner similar to the vortices generated by a lateral injection,
that is, where the line between the vortex centers is vertical.
Although detailed measurements are necessary to validate these
comments, it is believed that the observed effects of injectant
temperature on jet trajectory for the oblique and vertical injection
conditions are the result of differences in vortex formation in the
jet flows.

Theoretical Development
In this section we will be concerned with the development of

a theoretical method for predicting some of the primary flow
properties of submerged heated effluents discharging into a
waterway.

One approach that has shown a great deal of promise for our
use considers the effluent as a submerged turbulent jet flow
injecting into a moving water system where the fluid motion of
the jet is described from the point of discharge in a Lagrangian
framework. (See coordinate system in Fig. 3.) This procedure
uses the control volume concept to monitor the flow processes in
the jet and integral techniques to yield the average, or mean, jet
properties along the trajectory. Several investigators9'10'13 have
recently used this method to estimate jet trajectories in the

proximity of the injection point (s/di ^ 10), but because of certain
assumptions in their theories, these studies are not suitable for
providing realistic trajectory information farther downstream.
The present investigation relaxes many of the assumptions used
in these studies and attempts to account for natural flow
phenomena not considered heretofore, such as turbulence and
heat transfer.

Mass
The differential form of the mass continuity equation may be

written as
E = (d/ds)(pAv) (1)

which represents the mass flow per unit length entrained through
the sides of the control volume. Inclusion of this entrainment
process in an analysis of the type considered in this paper is
important, not only because of its influence on jet trajectory,
but also because of its role in determining heat loss from the
jet fluid.

Because of the complicated nature of analytically predicting
the entrainment function, the experimental data generated by
Keffer and Baines5 for an air jet were used to estimate this
property of the water jet injection process of the present study.
Equation (2) represents the entrainment parameter in functional
form, where the entrainment coefficient (£*) was obtained from
measurements of mass flux along the jet axis5

E = (A/C)paDE*(v-vJ (2)
An empirical expression was obtained for £* for use in the present
mathematical model and is presented in Ref. 12.

^-Momentum
The ^-momentum equation represents the balance of forces

acting perpendicular to the jet trajectory and is obtained by
taking the n components of the vector quantities in the
momentum integral equation.

pAv2/R = CDqa /isin2a — gA(p — p^cosa — Et^sina (3)
The centrifugal force results from the jet fluid having a mass, a
velocity, and following a curved path, while the buoyancy force
results from a difference in density (i.e., temperature) between the
jet and freestream fluids. The integrated shear-stress tensor, which
includes surface pressure distribution over the control volume,
yields the total drag force on the jet due to the blockage
of the freestream flow; this is postulated to be the drag on an
equivalent "solid" cylindrical jet shape inclined at an angle to the
freestream flow. The remaining term in Eq. (3) accounts for the
net influx of momentum into the control volume.

At this stage of the development, the approach used in previous
studies8 "1 °'13 has been to assume the area growth of the jet along
the trajectory, the rate of growth being based on experimental
measurements where s/di ^10. The area growth can be obtained
by assigning a certain shape for the jet cross section and by allow-
ing the jet width to grow at a specified rate. The expression for
mass flow in the jet is used to eliminate velocity in the n-
momentum equation, and the resulting expression is integrated to
obtain a solution for the jet trajectory. Typical results obtained
by this procedure are presented in Fig. 4 for a jet with an
elliptical cross-sectional shape and are compared with experi-
mental data13 acquired from photographs.

Gomparison of the assumed cross-sectional areas with the
values obtained from experiments shows that the two are in
reasonable agreement in the proximity of the jet exit, but that
the values diverge as the jet proceeds downstream, the measured
areas indicating a much more rapid rate of jet growth than the
assumed values. This trend is reflected in the trajectory informa-
tion where good agreement between the predicted and experi-
mental trajectories is noted in the initial region after jet injection,
but poor agreement occurs farther downstream.

The reason for this poor agreement in trajectories is due to the
fact that the theoretical jet velocity begins to increase at some
point on the trajectory, as illustrated by the velocity deficit curve
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Fig. 4 Effect of area growth assumption on theoretical jet flow properties;
VR = 18; 7J = T^.

in the figure. The reader is aware, of course, that as long as the
jet injection velocity is greater than the freestream velocity, then
the jet velocity will decrease continuously along the trajectory,
eventually approaching the freestream velocity value far down-
stream. These erroneous trends for the theoretical jet velocity can
be traced directly to the use of an assumed area growth.

From these remarks, it is obvious that an alternative approach
be considered such that the jet cross-sectional area is permitted
to be an unknown in the governing equations. In order to do this,
it is necessary to have another equation; the equation expressing
conservation of momentum along the trajectory satisfies this
need. By using this additional momentum equation, a more natural
description of the jet flow properties is obtained as is illustrated
in Fig. 4.

Although the area assumption is to be discarded, it is still
necessary to provide information concerning the width of the jet
in order to calculate the drag and shear stress terms in Eqs. (3)
and (4), respectively. The approach used in previous studies has
been to assume the growth of the jet width along the trajectory;
another approach is to specify a shape for the jet cross section,
and use this with the computed area to calculate the jet width.
The latter approach is utilized herein.

KefTer and Baines5 have shown that the typical "kidney" shape
of the jet cross section remains approximately the same with
increase in s. For the present study, this shape is assumed to
be elliptical with a ratio of major to minor axes of 5 to 1 (after
Abramovich8) the major axis being the jet width. The value of
CD associated with this shape is taken to be 1.6 in keeping with
the equivalent "solid" body argument. It is noted that Wooler
et al.10 used a value of 1.8 in their analysis while Abramovich8

used 3.0, a value which was pointed out in Ref. 9 as being
totally unrealistic.

s-Momentum
The s-momentum equation is obtained by taking the s com-

ponents of the vector quantities in the momentum integral equa-
tion. The resulting expression, Eq. (4), represents a balance
between the rate of change of jet momentum and the forces on
the jet due to changes in mean jet pressure, to buoyancy, to
entrainment of ambient fluid into the jet, and to shear stress
between the jet and freestream fluids

d(pAv2)/ds = — Adp/ds—gA(p — p^sina + Ez^cosa—TT/IT (4)
To evaluate the static pressure gradient along the trajectory

(dp/ds), the assumption is made that the freestream static pressure
field around the jet perimeter imposes itself on the jet flow. For
the present case where the jet structure is considered as an
elliptical cylinder inclined at an angle to the freestream flow,
there are large variations in the freestream pressure field due to
the blockage effect that the jet has on the freestream flow. Some
idea of the static pressure variation around the perimeter of a jet
cross section, idealized as a circular cylinder, can be obtained
by observing experimental pressures.14 An estimate of this varia-
tion was obtained for use in the theory by assuming that the
pressures on the front of the cylinder (0 ̂  9 ^ n/2) are specified
by potential flow theory, and the pressures on the back of the
cylinder (n/2 < 9 < n) are equal to the freestream pressure.
Although the pressure field resulting from the turbulent jet
injection process is very complicated and does not lend itself
to be categorized in this simple a fashion, the procedure is
adequate for use in the present mathematical model.

The local surface pressure is used in the expression
r* / r'= Pd0

Jo / J o
dO (5)

«/ U / »/ \J

to obtain the average static pressure acting on the cylinder.
Performing the integrations in Eq. (5) we obtain

where it is recalled that q^ is the freestream dynamic pressure
normal to the trajectory. This equation implies that the average
static pressure on the jet cross section is less than the freestream
static pressure but approaches p^ as the q^ approaches zero.
p can be differentiated with respect to 5 to get

dp/ds = —q^smx cos a du/ds (7)
For the present case of a jet injecting into a crossflow, the

viscous shear stresses in the s direction are proportional to the
differences between the jet velocity and the freestream velocity
component tangent to the jet flow. These shear stresses can be
approximated by

/ ^^U <*\T = p(v + g)~ (8)
en

where U represents a velocity in the 5 direction, and dU/dn
represents the gradient of that velocity in the n direction. The
kinematic viscosity will be neglected for the present study since,
for turbulent mixing flows, it is small compared to the virtual
(eddy) viscosity.

The method used to estimate the eddy viscosity for this jet
injection process is based on Prandtl's hypothesis14 and is valid
only for free turbulent flows. The viscosity is represented by

- U • ) (9)
where /? is an empirical constant and b is the width of the mixing
zone. The minimum velocity in this expression is defined as the
freestream velocity component tangent to the direction of jet flow,
while the maximum velocity is defined as the mean jet velocity
in order to be compatible with previous mean flow assumptions.
The velocity gradient is approximated by

dU/dn = (Umax- Um.J/b = (v-v^ cos <x)/fc (10)
so that the shear stress can be written as

T = pp(v-vao cos a)2 (11)
Incorporating the pressure gradient term, Eq. (7), and the
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Fig. 5 Variation of jet temperature deficit with distance along the
trajectory for heated injection process (T > Ta).

shear stress term, Eq. (11), into Eq. (4) yields the final form of
the s-momentum expression :
(d/ds)(pAv2) = q^A sin a cos adoL/ds-gA(p- pj sin a +

Ev^cosct — nhp^v—v^cosa)2 (12)
In order to obtain an estimate for the empirical constant ft, it

is necessary to rely on existing information related to less com-
plex turbulent flows than the jet injection process considered in
the present study. The procedure used here is to estimate ft at
the beginning of the injection by assuming that a two-dimensional
freejet boundary exists between the jet velocity and the freestream
velocity component tangent to the jet flow. Schlichting's descrip-
tion of a free jet boundary14 is used to obtain the expression

ft = 0.00137/a (13)
where c is the rate of spread of the jet flow, taken to be a
constant (0.32) for this study.

The velocities £/max and £/min in the analysis of the free jet
boundary are considered to be constant as the jet proceeds away
from the point of initial flow interaction. In the present situation,
l/max and t/min continuously change as the jet flow is decelerating
and bending over. Accordingly, the velocity parameter used in
Ref. 14 is redefined as

/ = (v— v^ COSO.)/(V + V^COSOL) (14)
which forces ft to be dependent on the local velocity conditions
along the trajectory. It is noted that at the injection point
A = 1.0. This representation is used until ft attains the following
value prescribed by a circular freejet analysis14:

£ = 0.00217/c (15)
This description of ft is assumed to apply for the remainder of
the jet trajectory.

Heat Energy
Up to now we have discussed only the mass and momentum

aspects of the jet injection process; however, since the present
investigation is concerned with heated discharges, it is desirable
to also consider some of the thermal characteristics. In particular,
it is advantageous to determine the change in mean jet tem-
perature resulting from the penetration of the jet into the crossflo w.
This can be accomplished by monitoring the heat loss from the
control volume, this heat loss being considered in the present
study as resulting from two different types of heat-transfer
mechanisms.

The first type of heat-transfer mechanism pertains to the reduc-
tion in energy content per unit volume (pcp T) of the jet fluid
jdue to the entrainment of freestream fluid at a different energy
level (pcp T)^. Applying this concept to the control volume
results in the expression

where (mcp T)l represents the energy level in the control volume
that would exist if there were no entrainment, and (mcp T)2
represents the equilibrium energy level resulting from the com-
plete mixing of the jet and entrained fluids. Since the specific
heat (Cp) of water is fairly insensitive to temperature changes, the
various specific heats in Eq. (16) are assumed to have the same
value.

Forced convection, the second type of heat-transfer mechanism
being considered, results when the freestream flows around the
heated jet fluid and extracts heat energy from the jet in the
process. This heat transfer is analogous to the forced convection
over a heated cylinder, where the cylinder is cooled by the fluid
flowing normal to the cylinder's axis. To be consistent with our
previous arguments, the convective heat transfer is estimated by
considering the jet structure as a cylinder inclined at an angle
to the freestream flow.

Eckert and Drake15 suggest the following expression for
estimating an average Nusselt number:

Nud = 0.43+ 1.11 F(RedY(Pr)° (17)
where Prandtl number is chosen as 1.0 for simplicity. The
Reynolds number is defined using the "effective" diameter of the
jet as the reference length and the freestream velocity component
perpendicular to the jet axis as the reference velocity, so that
Nusselt number will be sensitive to the local flow changes as the
jet penetrates into the crossflow. The Reynolds number is thus

Red = vv Jsina/va, (18)
The values of Red occurring in the present experiment suggest
the selection of F = 0.45 and y = 0.50 for use in Eq. (17).

The definition of Nusselt number is used to obtain the average
film heat-transfer coefficient, which yields the rate of heat loss
from the jet fluid,

T) (19)
An example of the temperature results obtained when these

two heat-transfer mechanisms are incorporated into the analytical
model is presented in Fig. 5, where the theoretical calculations
were made with the same injection conditions as Ref. 13. The
trend of temperature decrease along the trajectory13 is adequately
estimated by the theory, the predicted mean temperature values
falling below the measured maximum temperatures. These results
are substantiated by the temperature data for an air injection
process measured by Kamotani and Greber.7 The theoretical
temperatures obtained by considering only the effects of entrain-
ment are presented to demonstrate the relative magnitudes of the
two types of heat-transfer mechanisms. Convection is seen to be
the dominant mechanism for determining temperature loss in the
early stages of the jet injection process, while the effects of entrain-
ment become dominant as the jet proceeds downstream.

Solution Procedure
An iterative method is employed to obtain a solution of the

highly nonlinear governing differential equations at specific loca-
tions along the jet trajectory. The basic procedure is to solve
Eq. (12) for the s momentum of the control volume, where the
coefficients in that equation are estimated using the flow property
values obtained from the solution at the previous location on the
trajectory. The s momentum is used in conjunction with the con-
tinuity equation to provide an update on v, and the heat loss
from the control volume is calculated to provide new estimates
for p and T. The current flow property values are then used in the
coefficients of the n-momentum equation, Eq. (3), to obtain a
solution for dx/ds, from which a is acquired using a Taylor series
expansion. The most recently calculated flow property values are
used to iterate back through the governing equations, only a
few iterations being required to yield satisfactory results. Incre-
mental values of x and y are obtained from the final value of
trajectory slope and from the assigned value for ds. These incre-
ments are added to the coordinates of the previous location on
the trajectory to obtain the new x, y trajectory coordinates. This
procedure is repeated at each incremental "step" along the trajec-
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Fig. 6 Experimental and theoretical jet trajectories for a range of
injection velocities; T.= 7^.

tory to provide a solution for the trajectory and cross-sectional
area of the jet flow, as well as the jet flow properties of mass,
momentum, velocity, and temperature.

Examples of the results obtained by the present effort to
theoreticallv model the jet injection process are presented in the
following section.

Discussion
Experimental trajectory data obtained from several investiga-

tions are compared with the present theory in Figs. 6 and 7 and
show the paths of the jet as it penetrates into the main flow
after being injected perpendicular to the freestream direction.
The data in Fig. 6 were acquired from photographs of water
injection and represent the path of the approximate center line of
the jet flow, while the experimental information in Fig. 7 was
obtained from hot-wire measurements of air injection and
represents the path of the maximum velocity in the jet flow. The
theory provides good estimates of jet trajectory for the range of
injection conditions shown. It should be noted that the experi-
mental results of Figs. 6b and 7 are for completely turbulent
jet flows, whereas the data in Fig. 6a represent a jet flow that
is partially laminar (see Fig. 1). In order to estimate the trajectory

12

Fig. 7 Experimental and theoretical air-jet trajectories for a range of
injection velocities; T = T^.

for the mixed flow situation the theory was adjusted to account
for the initial laminar portion of the jet flow by assuming that
the jet begins its turbulent growth at a point specified in the
photograph of Fig. 1 (y/di « 8).

Examples of some of the theoretical flow properties obtained
in the process of solving for the trajectories are presented in Figs.
8 and 9. The cross-sectional area of the jet continually increases
as the jet flow continues along the trajectory (Fig. 8), the largest
rates of area growth generally occurring for the largest injection
velocities. Predicted jet areas resulting from injection with
VR = 30 are compared with experimental areas obtained from
photographic data13 for the same injection condition. The experi-
mental areas were obtained by assuming the jet cross-sectional
shape to be a 5:1 ellipse.

As the area occupied by the jet fluid grows with increase in
s, the jet velocity correspondingly decays and eventually
approaches the freestream velocity value (Fig. 9). The trend for
velocity decay is similar for all the injection velocities, although
the respective values of v/vt are proportionately lower for the

A / A ;

Fig. 8 Variation of jet cross-sectional area with distance along the
trajectory for a range of injection velocities; T.= T.
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Fig. 9 Variation of theoretical jet velocity with distance along the
trajectory for a range of injection velocities; T. = T . Fig. 11 Effect of freestream temperature nonuniformity on theoretical

jet temperature; VR = 5.

larger injection velocities. This trend results because the jet
velocity ratio must approach smaller values of vao/vi (depicted by
the arrows) as VR increases. Variations of theoretical mass and
momentum flux in the jet with distance along the trajectory are
presented in Ref. 12.

One advantage of the present theory is its flexibility for investi-
gating different parameters which affect the trajectory and flow
properties of the injected jet. Not the least important of these
parameters is the freestream velocity and temperature field into
which the jet is injected. Up until now the freestream velocity
and temperature have been assumed constant, but the next few
figures will demonstrate some of the effects resulting from
relaxing these restrictions.

For the purpose of this illustration, the nonuniform freestream
velocity field, Fig. 10, is assumed to have a boundary-layer type
of velocity distribution in the y-direction and to be independent
of x. A Karman-Pohlhausen velocity function15 is described from
the injection surface to the point where y/d. = 8. At larger values
of y/d. the velocity is assumed to be constant having the same
value as the t;^ used for the uniform freestream velocity case.
Injecting into the nonuniform freestream velocity field results in
further penetration by the jet into the crossflow than injection
into the freestream with the uniform velocity field. Coincident
with this, the jet velocity decay was essentially unaffected, while
the jet cross-sectional area and momentum were less at any
given distance along the trajectory.

Injecting a jet with initial temperatures of 72°F and 92°F into
a freestream flow having uniform temperature and velocity fields
results in the temperature curves shown in Fig. 11. Although

16

12 -

V/d;

uniform v^ (v^/v. = 0.20)

0 < y/d. < 8 Karman-Pohlhausen

function

y/dj > 8 VOQ/V; = 0.20

20 30
x/d.

Fig. 10 Effect of freestream velocity nonuniformity on theoretical jet
trajectory; T = Tx.

the heated jet flow might be expected to rise above the trajectory
for the unheated case, the rapid heat loss from the jet reduces
the influence of buoyancy and hence results in no change in the
trajectory.12 This result agrees with the experimental observa-
tions presented earlier in the paper and with the measure-
ments made by Kamotani and Greber.7 As noted in the figure,
the temperature for the heated jet decreases along the trajectory
until it reaches the freestream temperature value (TJT^.

A linear temperature gradient is used to demonstrate the effect
of injecting a heated jet vertically into a freestream flow having
a nonuniform temperature field. The freestream temperature at
the injection surface is equivalent to the value used for the
uniform freestream temperature case. Injection of the heated jet
into the freestream flow with a temperature gradient results in a
trajectory similar to that obtained by injecting the heated jet into
the uniform temperature field.12 There is a definite difference,
however, in the jet temperature curves resulting for these two
injection conditions, where the nonuniform T^ situation results
in higher jet temperatures because of the larger values of Ta that
the jet flow "sees" as it penetrates into the crossflow. Heat is
initially lost from this jet flow until a point is reached on the
trajectory where a heat gain is experienced.

Concluding Remarks
Experimental results for both the vertical and oblique injection

conditions showed that increasing jet injection velocity resulted
in further penetration of the jet flow into the mainstream.
Addition of heat to the injectant caused a slightly greater rate of
spreading of the jet fluid near the injection point. Increasing
injectant temperature had no discernible effect on jet trajectory
for the vertical injection condition but resulted in a higher
trajectory for oblique injection with the largest injection velocity.

A theory was developed by using an integral method, which
accounted for natural fluid mechanisms such as turbulence,
entrainment, buoyancy, and heat transfer, to obtain the conserva-
tion equations of the jet flow. Solving these equations simul-
taneously yielded predictions of jet trajectory and area growth
that agreed well with experimental results, and thus demonstrated
the usefulness of the theory for estimating the locaton and size
of the thermal plume with respect to the discharge point.

Unlike previous studies which assumed a specific cross-
sectional area growth for the jet, the present investigation
obtained the jet cross-sectonal area in the process of solving
the governing equations. Because of this, the present theory
provided better estimates for the trajectory and area growth of
the jet and allowed a prediction for various jet flow properties,
such as velocity and momentum, to be obtained.

Realistic estimates of temperature in the jet fluid were obtained
by accounting for heat losses in the jet flow due to forced con-
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vection and to entrainment of freestream fluid into the jet. Forced
convection was seen to be the dominant heat-transfer mechanism
during the early stages of the jet injection process, while the
effects of entrainment became dominant as the jet penetrated
further into the freestream flow.
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